Simple shear flow of dense, density matched, non-Brownian granular suspensions is simulated using the discrete element method, taking particle-particle contact and hydrodynamic lubrication into account. The resulting flow regimes are mapped in the parametric space of solid volume fraction, shear rate and interstitial fluid viscosity. It is observed that for low fluid viscosity, the rheological behavior is reminiscent of dry granular flow. For moderate fluid viscosity, a quasi-Newtonian regime exists at low shear rate below a critical volume fraction φc, transitioning to a shear thickening and then an upper viscous regime as shear rate is increased. Above φc, a quasi-static regime transits to a viscous one as shear rate is increased. The transitions between rheological regimes are associated with the evolving contribution of lubrication to the suspension stress as a function of shear rate. We demonstrate the role of interstitial fluid viscosity in these transitions, consistently linking dry and wet rheology. Transitions in microscopic phenomena such as inter-particle force distribution, fabric and correlation length are found to correspond to those in the macroscopic flow. Motivated by the bulk rheology, a constitutive model is proposed combining a viscous pressure term with a dry granular model proposed by Chialvo, Sun and Sundaresan [Phys. Rev. E. 85, 021305 (2012)]. The model is shown to successfully capture the flow regime transitions.
I. INTRODUCTION
Dense suspensions of solid, non-Brownian particles in Newtonian fluid, such as slurries and pastes, are ubiquitous in nature and industry, and present with a wealth of complex and surprising flow behavior [1] . Understanding the rheology of such suspensions is challenging, as the viscosity (shear stress divided by shear rate) is intimately linked to the solid volume fraction [2, 3] , the shear rate, the preparation and shear history, and the particle properties.
Inspiration from granular mechanics [4] has recently shed light on suspension rheology near the critical volume fraction, φ c . Careful experimental work [5] demonstrates that dense suspensions can be constitutively characterised analogously to dry granular materials at low Reynolds numbers and below φ c by adopting the popular µ(I) rheology [6] . A suitable viscous number I V = η fγ /P for wet systems with interstitial fluid viscosity η f , confining pressure P at a shear rateγ is defined, analogous to the much used inertial number I I = dγ/ P/ρ [6] for dry systems with particles of diameter d. Computational work [7] has shown that the transition between dry and wet rheology in this flow regime is continuous, and corresponds to a shift from particle-particle contact to fluid dominated dissipation, hinting at a shift from Bagnoldian to Newtonian rheology at low shear rate and below φ c as η f of a density matched, fully wetted, dense suspension is increased. In suspensions above φ c , experimental work has demonstrated that as interstitial viscosity is increased, the onset of a transition from arrested or quasistatic, rate-independent rheology to a viscous regime is found to occur at decreasing shear rate [8] , though a particle-scale explanation of this behavior is missing.
While these works make considerable progress in bridging understanding between wet (viscous) and dry (frictional) systems, a complete picture of the rheology across flow regimes at both bulk and microscopic scale is lacking. In this work we shed light on the transition between wet and dry regimes by studying the role of the interstitial fluid during shear flows of dense suspensions. We use computer simulations to probe the microstructural and rheological regimes associated with simple shear flow, exploring wet and dry rheology by varying the viscosity of the interstitial fluid. As the interstitial viscosity is increased at low shear rate, we demonstrate a transition from Bagnoldian to Newtonian rheology below φ c , and the persistence of contact dominated, quasistatic rheology above φ c . At very high shear rate, increasing interstitial viscosity results in a transition from shear thinning to viscous rheology, approximately independent of volume fraction. For intermediate shear rates, we discuss the role of interstitial fluid viscosity on the continuous shear thickening behavior observed below φ c and the transition from quasistatic to viscous rheology above φ c . All the flow regime transitions are shown to consistently correlate with the variation of the stress arising from lubrication forces. The microscopic transitions in force and contact distributions and correlation length are also linked to the flow regime transitions. Finally, a constitutive model is developed to capture the transition between dry and wet rheology for all shear rates and volume fractions, serving as a unifying description.
The next section details the methods for solving particle dynamics, simulating simple shear flow and calculating bulk stresses. The bulk rheology and microstructural analysis are presented in Sections III and IV, respectively. A constitutive model for the stresses in all flow regimes is proposed in Section V, followed by a summary and concluding remarks in Section VI.
II. NUMERICAL MODELS AND SIMULATION DETAILS
Discrete element method [9] simulations are carried out using the particle simulation package LAMMPS [10] . The positions, velocities and forces of all particles are explicitly tracked over a period of time and are calculated in a step-wise, deterministic manner according to Newton's equations of motion. In accordance with recent works in dense suspension flow [7, 11] , we argue that in low-inertia, dense (volume fraction φ > 0.45) suspension flows, the major fluid contribution to the stress can be effectively captured by resolving the normal pair-wise lubrication force [12] between neighbouring particles i and j according to
for fluid viscosity η f , weighted average particle diameter
, surface-to-surface separation h, velocity vectors v i and v j and centre-to-centre unit vector n ij defined by n ij = r ij /|r ij |, for particle-to-particle vector r ij . We assume that the fluid in the narrow particle gaps remains laminar [13] . To limit computational expense and to mitigate the contact singularity of the lubrication force, F l ij is calculated for 0.001d ij < h < 0.05d ij . It has been verified that an outer cut-off of 0.1d ij does not give significantly different results. We appeal to surface roughness to justify our choice of the inner cutoff. At smaller separations, we evaluate F l ij assuming h = 0.001d ij . In addition to the fluid force, particles i and j interact at contact (h < 0) through a repulsive force F c ij , with normal and tangential components given by a linear spring-dashpot model for stiffness constants k n and k t , center-to-center displacement δ ij , elastic shear displacement u t ij
A Coulomb friction coefficient µ p is defined such that the tangential force on each particle is limited to |F t ij | ≤ µ p |F n ij |. We note that the damping arising from the lubrication force term is sufficient to achieve a steady state without employing a thermostat, so further damping in the mechanical contact model is omitted. The particle friction coefficient is fixed at µ p = 0.5, which affects the critical volume fraction as discussed later. Variation of other particle parameters does not change the results presented in this paper. It is also assumed that the solid and fluid phases are density matched, so no gravitational force is applied to the particles.
To achieve homogenous simple shear flow, an assembly of bidisperse spheres in a 3-dimensional periodic domain is deformed at a constant shear rateγ. Bidispersity at a diameter ratio of 1 : 1.4 and volume ratio of about 1 : 1 is used to minimize crystallization during flow. A sample assembly under shear is shown in Figure 1 , in which FIG. 1. Snapshot of a particle assembly under steady shear at some time t = 0 (a) and a later time t = t1 (b), with a viewpoint normal to the x-y-plane where x is the flow direction and y is the velocity gradient direction. The colors are used to illustrate the deformation being applied to the assembly.
the particles are colored into bands in the flow (x) direction according to their initial positions as shown in (a) and move to new positions at a later time t = t 1 shown in (b), conforming to the simple shear velocity profile. At a shear strain of 0.5, the deformed assembly of particles is mapped to a symmetric position with a strain of −0.5. This deformation pattern is repeated ad infinitum to reach a steady state. Simulations at different shear rates have been performed for a range of fixed volume fractions φ (spanning the jamming transition) and fluid viscosities (spanning three decades) to probe the bulk rheology and microstructures. It is determined that an assembly of approximately 2000 bidisperse spheres is sufficiently large to capture the bulk rheology independently of the domain size. A larger domain is required in order to capture microstructural phenomena including correlation lengths within the material, and therefore assemblies of approximately 30,000 bidisperse spheres are used for the work presented in Section IV. The bulk stress is calculated from the particle force and velocity data. It is decomposed into contributions due to the fluid, the particle-particle contact and the velocity fluctuation, given by Eqs. 3a, 3b and 3c, respectively,
where v ′ i is the particle velocity after the mean streaming velocity has been subtracted. Data from 20 realizations with randomized initial particle positions for each volume fraction, fluid viscosity and shear rate are used to obtain ensemble-averaged stresses, which are further averaged over time in the steady-state, and presented in the next section. Under simple shear flow, the relevant stresses 
III. BULK RHEOLOGY
The flow curves obtained from the simple shear flow simulations are presented in Figure 2 . Shear stresses, shear rates and the fluid viscosity are scaled to be non-dimensional according toσ xy = σ xy d/k n ,γ = γd/ k n /ρd, andη f = η f / √ k n ρd respectively, where ρ is the particle density. The suspension viscosity (in Figures 2c and 2d ) is given byη s =σ xy /γ. The critical volume fraction φ c is identified as being between 0.58 and 0.60.
At low fluid viscosity (η f = 10 −5 ) we note the unsurprising agreement with results from simulations of dry granular materials [3] : inertial, Bagnoldian flow (σ xy ∝γ 2 ) at low shear rate below φ c ; quasistatic, shear rate-independent flow for φ > φ c ; intermediate, shearthinning, φ-independent rheology asγ → ∞ (Figures 2a  and 2c ). In the inertial regime, the rheology can be described as continuously shear thickening, in the sense that At high fluid viscosity (η f = 10 −2 ), a quasi-Newtonian plateau, in whichη s is independent ofγ (but dependent on φ), emerges at lowγ below φ c (Figures 2b and 2d ). This Newtonian regime, in whichσ xy ∝γ, has been observed experimentally for wet granular materials [14, 15] . We correlate the Bagnoldian-to-Newtonian (i.e. inertialto-viscous) transition at low φ c andγ to the increasing dominance of σ F xy relative to σ C xy as the interstitial fluid viscosity is increased [13] . Figure 3a demonstrates that the ratio of σ F xy (σ C xy ) to the total shear stress σ xy increases (decreases) as the interstitial viscosity is increased (at φ = 0.50 andγ = 5 × 10 −5 ). It is found that the onset of wet granular rheology occurs at σ F xy /σ xy ≈ 0.60. This result can be generalized for all φ,γ andη f using the viscous number (I V =η fγ /P ), as shown in Figure 3b . Above some critical viscous number, the stress arising from fluid effects becomes significant. A similar result was suggested by Huang et al. [8] , although they use the Leighton number (Le = η fγ /σ xy ) rather than the viscous number. The relative increase of the fluid stress contribution compared to the contact stress can be understood asσ This inertial-to-viscous transition can also be reconciled at the microscopic level by examining the relative magnitude of F l ij and F c ij for particle pairs, and by appealing to the Sommerfield number associated with lubrication theory s = η f v/dσ xy , where v represents some relative velocity between the particle surfaces, dependent on the bulk shear rate. Below a critical s, the lubrication films between particles rupture and mechanical contacts are initiated, at which point the stress response becomes contact-dominated rather than fluid-dominated. The critical fluid viscosity at σ F xy /σ xy ≈ 0.60 shown in Figure 3a for the onset of the inertial-to-viscous transition relates to a critical Sommerfield number for a given volume fraction and shear rate.
In the limit of k n → ∞ orγ → 0, we recover hard sphere rheology for both the dry and wet cases. Forη f = 10 −5 ,σ xy ∝γ 2 simplifies to σ xy = ρ(γd) 2 , and forη f = 10 −2 ,σ xy ∝η fγ simplifies to σ xy ∝ η fγ . In both cases the k n dependence is lost.
Below φ c , quasi-Newtonian flow transits to continuously shear thickening behavior as shear rate is increased (Figures 2b and 2d ). This transition is coupled with a decrease of the fluid stress contribution (σ 2 ), as demonstrated in Figure 4a . As mentioned previously, it is found that for σ F xy /σ xy < 0.6, the contact stress contribution σ C xy becomes sufficient to exhibit Bagnoldian rheology, giving some extent of continuous shear thickening. We define a critical shear rate marking the onset of shear thickeninĝ γ c1 , which increases approximately linearly withη f (Figure 4c ). This suggests a diminishing quasi-Newtonian flow regime at lowerη f .
As the shear rate is increased further, an intermediate (σ xy ∝γ 0.5 ) or further viscous (σ xy ∝γ) regime is realised, dependent onη f . This is coupled with an increase in the relative fluid stress, shown in Figure 4a . We define a second critical shear rateγ c2 (Figure 4d ) marking the transition out of the shear thickening regime into the intermediate or viscous regime. The value ofγ c2 has been extrapolated from Figure 4a for the lowη f cases. Interestingly, there is a plateau inγ c2 at lowη f , suggesting that at low fluid viscosity, the high shear rate behavior is independent ofη f , i.e. the flow must be intermediate. At higher viscosities, an approximately linear decrease iṅ γ c2 is observed, suggesting heavilyη f dependent, viscous rheology.
Above φ c , a transition from a contact dominated, quasistatic (σ xy ∝γ 0 ) regime to a rate-dependent regime is observed with increasingγ ( Figure 2) . As with the transitions below φ c , the transition out of the quasistatic regime can be well captured by the dominance of the fluid contribution relative to the contact contribution to the stress (Figure 4b ). In all cases, the stress in the rate-independent, quasistatic regime is contact dominated. The nature of the rate-dependent regime depends strongly onη f , as with the φ < φ c case. We define a critical shear rateγ c3 at the point where the fluid contribution begins to increase. Consistent with recent experimental findings [8] , the critical shear rate is found to be a linearly decreasing function ofη f , for sufficiently highη f (Figure 4e) . We extend the study to lower fluid viscosities, however, and find that at lowη f , a plateau is observed similar to that forγ c2 (Figure 4d ). As before, this indicates that at low fluid viscosity, the flow shifts to intermediate as opposed to viscous flow for φ > φ c , aŝ γ is increased.
The asymptotic flow behavior at high shear rate therefore differs between the low and high fluid viscosity cases, independently of φ. In the low viscosity limit, shear thinning is observed asγ → ∞, withσ xy ∝γ 0.5 , consistent with previous experiments in soft, highly deformable particles [16] and simulations of dry granular flow [3] . The origin of this shear thinning scaling exponent is still uncertain, though it may relate to the large particle deformations that occur at such high shear rates. A switch back to Newtonian flow is observed atγ → ∞ for highη f as demonstrated in Figure 2d by a shift back to rate-independent suspension viscosity. This is consistent with experimental work in highly shear-thickening suspensions [17] .
As a summary, we observe regime transitions between inertial, Newtonian, intermediate and quasistatic flows as the viscosity or shear rate vary, the mechanism for which can be ascribed to the variation of the relative importance of the fluid and contact stress contributions. The bulk flow can therefore be effectively described by considering a background dry granular rheology, superimposed with a viscous stress that scales linearly withη f andγ. Radial force distributions for total force (solid line) and the contribution from particle-particle contacts (dashed line). The contact forces are summed over all particle pairs and all time steps, and scaled in magnitude by the maximal value. For φ < φc, the assembly is sheared atγ = 5 × 10
to capture the inertial-to-viscous transition, while for φ > φc, the assembly is sheared atγ = 5 × 10 −2 to capture the quasistatic-to-viscous transition. It is noted that the result in Figure 5b Such a constitutive model will be presented in Section V after we further examine the microstructure of the flow in the next section.
IV. MICROSTRUCTURE
Particle level dynamics and structures are studied in order to shed light on the microscale phenomena responsible for the changing bulk rheology as fluid effects become dominant.
The distributions of pairwise particle forces (defined in Equations 1 and 2) are plotted in Figure 5 , illustrating their magnitudes and radial directions (in the xy-plane) for a range of volume fractions and viscosities. As can be seen, in the inertial regime (φ < φ c ,η f = 10 −5 , Figure 5a) , there is a clear alignment of forces along the direction of compression, as expected for a collisional flow, demonstrating that forces are transmitted through the material along a principal axis opposing the shear flow. In the quasistatic regime (φ > φ c ,η f = 10 −5 , Figure 5b ), however, the forces become significantly more isotropic. This is attributed to the jammed state being a more interconnected network, where forces are transmitted not via collisions along a shearing direction, but through persistent contacts that compose mesoscale chains and clusters. While the contact forces appear to be completely isotropic, or perhaps aligned very slightly in the compressive axis, there is a small alignment of the total force along the extensional axis, suggesting that the lubrication forces are acting in an opposing direction to the contact forces. This will become significant at highη f . We note also that the difference between contact and total force in these regimes is small, suggesting that lubrication forces are not important.
For the high viscosity case, the force directions are somewhat different. In the viscous regime (φ < φ c , η f = 10 −2 , Figure 5c ), there is still a general alignment of forces along the direction opposing shear, characteristic of a collisional flow, however it is significantly less pronounced than in the inertial case. This suggests that the viscous lubrication films are arresting much of the rapid, inertial particle motion by suspending the particles in a more uniform, isotropic and interconnected fluid film network. Isolating the particle-particle contact forces, we find that the contact network retains its strong alignment even though the major contribution to the forces is from lubrication effects. In the upper viscous regime (φ > φ c , η f = 10 −2 , Figure 5d ), it is observed that the total force becomes more aligned in the opposite direction, i.e. with the direction of shear, as was hinted at in the low viscosity case above φ c .
It is further found, independently of fluid viscosity, that the relative velocities of interacting particles (through both lubrication and mechanical contact) are generally aligned along the compressional axis for φ < φ c , as shown by the solid line in Figure 6 . The relative velocities are calculated by first subtracting the mean streaming velocity from all particles, then determining the relative magnitude and direction of the velocities between neighbouring particles (i.e. v rel = v
however a significant number of relative particle velocity vectors now align with the extensional axis (shown by the dashed line in Figure 6 ), the opposite to what was observed for φ < φ c . For lowη f cases, this does not result in a change in alignment of the net forces. For higĥ η f , however, the velocity-dependent lubrication force F l ij becomes significant, and a change in the net force orientation is observed.
To corroborate the above observations of the transitions in the microscopic dynamics, a fabric tensor characterising the contact network microstructure [18] is constructed for each particle assembly according to
where N c is the number of pairwise contacts and I is the 3×3 identity tensor. Two variants of the fabric tensor A are computed. In the first, we sum over all particles that are in mechanical contact, while in the second we sum over all particles that are separated by a lubrication film (i.e. those particles that are separated by a fluid layer of thickness h, where 0 < h ≤ 0.05d ij ), giving two separate quantifications of the microstructure pertaining to mechanical and lubrication forces respectively. The extent of the structural anisotropy can be quantified using the xy-component of the fabric tensor, A 12 . Alignments that oppose the shear flow of the material are negative in A 12 , while completely isotropic force networks will give A 12 = 0. Figure 7 gives the variation of A 12 across volume fractions and viscosities. At φ < φ c and lowη f (Figure 7a ), A 12 is negative for both the contact and lubrication network, in agreement with the significant alignment shown in the radial force plot in Figure 5a . As φ is increased above φ c , A 12 for the contact network tends to nearly zero (approximately −0.04, consistent with previous work in dry, quasistatic shear flows [18] ), while the lubrication network becomes aligned in the opposite direction. The net effect of this transition is a shift from strongly aligned to almost isotropic force distribution (Figures 5a and 5b) , since the opposite alignment occurring in the lubrication network has only a minor contribution to the total force at lowη f . At highη f (Figure 7b) , the same behavior is observed in the contact network across φ c , consistent with the radial force plots; the fabric of the lubrication network is, however, different. Consistent with the shift in force directions described between Figures 5a and 5c, the value of A 12 for the fluid network tends from negative to zero below φ c as the interstitial viscosity is increased (comparing Figures 7a and 7b) . Above φ c the contact network tends towards a nearly isotropic state as in the lowη f case, while the anisotropy of the lubrication network increases in the opposite direction (Figure 7b ). This anisotropy together with the relative velocities in the same direction results in the force alignment along the positive shearing direction since at high viscosity the fluid contribution to the force is significantly greater than the contact force.
The collective motion is further quantified by the velocity correlation length [19, 20] , defined according to
where r ij is defined as before, and v i , v j are particle velocity vectors averaged over a length of time sufficient to give an averaged particle displacement due to the mean flow of approximately 0.5d. From this expression we can quantify the extent to which the velocity of a particle is correlated with the velocities of its neighboring particles, on average. It is found that the correlation decays approximately exponentially with the distance r (Figure 8a, inset) . We fit the data to an exponential function C(r) = ke −r/ξ , characterizing the correlation length according to the value of ξ [19] . The dependence of this correlation length on volume fraction and viscosity is given in Figures 8a and 8b , respectively. The correlation length increases with volume fraction, suggesting that as more particles are added, there is increasing collective motion in the material. At φ c there is a large jump in ξ to about half the domain length, indicating that the correlation extends across the whole domain as the material enters the jammed state. The forming of collectively moving clusters of particles is consistent with the radial force plots obtained above jamming. Below jamming, correlation lengths are short and forces are dominated by collisions along the compressive axis. Above jamming, the forces are more uniformly distributed radially, as the particles move more as collective clusters. As the viscosity is increased, the longer range forces arising from lubrication effects become increasingly dominant, and the correlation length increases accordingly (Figures 8b) . Again, this is consistent with the observed radial force distributions. As the viscosity increases, the particles become suspended in an increasingly strong network of lubrication films, which retard the inertial, collisional behavior, leading to increased correlation lengths and more isotropic force distributions.
The microstructural details discussed above explain well the mechanisms underlying the transitions in the bulk rheology. When particle-particle collisions dominate, the forces and fabric are anisotropic at the mi- croscale and velocities are correlated over very short lengths. Such dynamics, characteristic of a collisional regime, give rise to the inertial bulk rheological response observed for φ < φ c ,η f = 10 −5 andγ < 10 −2 . As the interstitial fluid viscosity is increased, and the fluid governs the net particle level forces, the lubrication fabric tends to be more isotropic than the contact fabric and the correlation length is increased as particles interact through increasingly strong networks of lubrication films. These conditions move the rheology away from inertial, collisional flow to the viscous flow regime, where the bulk stress is dominated by the fluid contribution. Above φ c forη f = 10 −5 , there is a jump in the correlation length combined with a move to a more isotropic microstructure, suggesting the presence of sustained force networks as opposed to collisional rheology. These networks dominate the behavior at low viscosity, resulting in a shear rate independent rheology. At higherη f , the fluid forces (which scale linearly withη f ) become significant at high shear rate, while the contact forces retain their quasistatic rate-independence, and a significant oppositealignment of the net forces is observed, coupled with a move to rate dependent rheology.
V. CONSTITUTIVE MODEL
Following recent discussions that the Inertial and Viscous numbers can characterise additive contributions to the total suspension stress from contact and fluid effects respectively [7] , we take inspiration from a recent constitutive model [3] for steady, simple shear in dry granular media and propose that a similar model for the suspension pressure can be obtained simply by adding a fluid stress contribution (which is a function of the interstitial fluid viscosityη f ) to the inertial and intermediate flow regimes. Chialvo et al. [3] defineP = P d/k n separately in each of the dry granular flow regimes; inertial, quasistatic and intermediate. Here we extend upon that work by including a viscous stress contribution in the relevant regimes, retaining the three asymptotic flow behaviours but renaming them viscous-inertial (VisI), quasistatic (QS) and intermediate-viscous (IntV) respectively, to incorporate viscous behavior. We call the pressure in these regimesP VI ,P QS andP IntV respectively and predict them according to the following equationŝ
We demonstrate that the values (of α inert , α QS , α int , β inert , β QS , β int , κ inert , κ int ) proposed by Chialvo [3] in each of the flow regimes are applicable for our contact stress data, and we use the fluid stress data from our simulation results to determine suitable values for the equivalent fluid stress parameters in each regime. The value of the shear rate exponent for the contact contribution for each flow regime is found to be consistent with our previous discussion of bulk rheology for the contact dominated (η f = 10 −5 ) case:P inert ∝γ 2 ;P QS ∝γ 0 ; P int ∝γ 0.5 . The fluid contribution to suspension pressure is linear inγ in the viscous-inertial and intermediateviscous regimes.
The β parameter gives the divergence of the contact and fluid pressure contributions with volume fraction, near φ c . In the limit of very high shear rates, we take β int = β IntV = 0, i.e. there is no volume fraction dependence of pressure asγ → ∞. In the viscous-inertial regime, we find that the pressure diverges atγ = 10
with |φ − φ c | −2 in the inertial limit (η f = 10 −5 ) and with |φ − φ c | −1.4 in the viscous limit (η f = 10 −2 ), as shown in Figure 9a . This leads us to set β inert = −2 and β VisI = −1.4. It is not unexpected that this exponent should change when moving from contact to lubrication dominated rheology [21] . In the quasistatic regime, the pressure increases atγ = 10 −4 above φ c according to |φ − φ c | 2 3 ±0.01 , approximately independent ofη f (Figure 9b) . It is not surprising that this behavior is the same across all fluid viscosities, since we have already concluded that at very low shear rate and high volume fraction, the flow is always contact dominated for the range of fluid viscosities studied here. This further justifies the lack of a fluid contribution toP QS in our model.
The multiplicative fitting parameters α are obtained from Chialvo et al. [3] for the contact terms, noting that α QS is dependent on the choice of friction coefficient in the contact model. In addition, we obtain α VisI = 0.002 and α IntV = 0.5. A summary of all model parameters is given in Table 1 .
A blending function is employed, identical to that proposed by Chialvo et al. [3] , to combine the individual contributions from the limits of each flow regime, giving the total pressureP as a function ofγ,η f and |φ − φ c | across all flow regimes:
The critical volume fraction for granular jamming φ c , known to be a function of the particle-particle friction coefficient (µ p ) and the extent of bidispersity, has been determined for the present case at both macro-and microscopic levels. At the macroscopic level, a transition from inertial to quasistatic flow is observed for the dry case between φ = 0.587 and φ = 0.597. Furthermore, by setting φ c = 0.592 the divergence of suspension pressure with φ − φ c is effectively captured as |φ − φ c | → 0. At the micro-scale, the velocity correlation length is observed to diverge between φ = 0.587 and φ = 0.597. The value of φ c used in this case is therefore 0.592, slightly higher than that (φ c = 0.587) reported for monodisperse particles of the same friction coefficient, as expected. In order to calculate the shear stress from the pressure, we adopt the popular µ(I) rheology and appeal to a recent constitutive model for the stress ratio µ =σ xy /P as a function of K = I V + αI 2 I [7] , combining inertial and viscous rheology. We find that the proposed value of α = 0.635 ± 0.009 is suitable for K < 10 −2 , but that a value of α = 0.3 allows the rheological contributions to be combined successfully for K < 1. Furthermore, the proposed function form can only capture the stress ratio behavior up to K = 10 −2 . We therefore propose a modified form that allows for K < 1,
It is found that all the simulation data can be described by this model, provided the shear rate is low enough to (Figure 11a ). This result is consistent with the experimental and simulation results in [5, 22, 23] and also with the traditionally cited Quemada equation [24] , µ = (1 − φ/φ c ) −2 . At high η f , the suspension viscosity diverges with |φ − φ c | −1.2 , (Figure 11a) , consistent with early proposals by Frankel and Acrivos [25] (derived theoretically assuming a purely hydrodynamic interaction between particles, analogous to our highη f case), discussions from mean field theory [21] that propose the exponent tending to -1 for lubrication film dominated flows, and with the Krieger-Doughery relation η = (1−φ/φ c ) −2.5φc , which would give an exponent in this case of around -1.5. There is still debate as to the true nature and form of this divergence [26] . Above φ c , the viscosity and scales with |φ−φ c | 1 (Figure 11b ), giving some agreement with experimental work [16] that finds a value of around 1.35 in this regime.
VI. CONCLUSIONS AND DISCUSSIONS
The particle dynamics of dense granular suspensions have been simulated using a discrete element method combining particle-particle contact and hydrodynamic lubrication. Simulations of homogeneous simple shear flow have been performed, shedding light on the transitions between different flow regimes as a function of solid volume fraction (φ), shear rate (γ) and fluid vis- as the critical volume fraction is approached from below (a) and above (b). Open circles represent theη f = 10 −5 case and stars represent theη f = 10 −2 case. In both cases it is noted that the suspension viscosity ηs tends to the fluid viscosity in the limit of φ = 0. The solid line represents constitutive model predictions.
cosity (η f ). We found that as the interstitial fluid viscosity increases, quasi-Newtonian behavior emerges at low shear rates and at volume fractions below a critical value (φ < φ c ) and at very high shear rates, in contrast to the Bagnoldian and shear-thinning behavior at the corresponding flow conditions for dry granular materials. The flow transits from Newtonian to continuously shear thickening (below φ c ) or from quasistatic to viscous (above φ c ), as shear rate is increased. All the transitions are shown to be caused by a change in the relative importance of the lubrication contact (at the microscopic scale) or its contribution to the total stress (at the macroscopic scale) whenη f or shear rate increases.
The transitions in bulk rheology are well correlated with changes in microstructure, characterized by distributions of interacting forces and relative velocities, fabric and correlation length. When the viscous effect is strong, the force distribution and fabric are more isotropic and the correlation length is longer. Interestingly, the force distribution and fabric characterizing mechanical contacts behave distinctly from those for the lubrication contacts. They remain anisotropic with the major principal direction aligned with the compressive axis while the lubrication contacts become more isotropic or flip the major principal direction to the extensional axis. Although the direct consequence on the bulk rheology is not clear, this distinction between the two different contact networks might have important implications for modeling more complex unsteady rheology of dense granular suspensions.
With such understanding of the rheological behavior, constitutive equations for pressure have been established for the asymptotic flow behaviors using an additive form combining viscous effects with dry granular rheology. The equations are then bridged ad hoc using a blending function to capture the transitions between them. The shear stress-to-pressure ratio is modeled as a function of both the inertial and the viscous numbers for all flow regimes, with a form applicable to a wider parametric range than previous models. The resultant constitutive model has been shown to be able to capture all the flow curves from the DEM simulation and to predict various divergent behaviors of the suspension viscosity with respect to the solid volume fraction depending on the flow regime and fluid viscosity. The current model, with only scalar representation of stress and strain rate calibrated with data from simple shear flow, is not expected to capture different types of flow, e.g. extensional flow. Future work is warranted to generalize to a fully tensorial model supported with data from simulation and experiments of different types of flows.
